ABSTRACT. A simplified proof is given for the theorem characterizing the congruence lattice of a universal algebra.
Introduction.
G. Birkhoff and O. Frink observed that the congruence lattice of a universal algebra was an algebraic lattice [l] . G. Grá'tzer and E. T. Schmidt proved the converse [3] . Through some rather ingenious methods they built a universal algebra with given congruence lattice; but their proof (and the proof in L2j)
that the algebra they constructed had the required congruence lattice was quite difficult. It used a very lengthy and repetitious series of direct computations. Amer. Math. Soc. 15 (1968), 783.) Recently, however, the author observed a property of the main part of the Grätzer-Schmidt construction that had not been utilized. In this paper we will use this property and give a new proof of this Grätzer-Schmidt representation theorem. The proof given here using this property is simpler than any that has appeared before.
All the previous techniques used for such a proof are valid only for unary algebras.
In addition, the only application [9] to a new result of the technique developed in [9] or [6, Chapter 2] was incorrect.
However, the technique presented here is applicable to nonunary algebras.
That, and other aspects of this technique, will be used in a series of papers under preparation to settle several problems concerning congruence lattices of universal algebras.
The nonunary applications of this technique are complex. They are easier to follow if one has read the unary case presented here first.
The primary lemma having to do with the recently observed property is in §4.
The property is condition (C) of Lemma 8. In §5 the "three-leaf" construction of
Gratzer and Schmidt is thoroughly examined.
It is shown there that the construction has the new property.
Next we give a "road map" for the proof.
Let " be an algebraic lattice.
In order to build the algebra 21 whose congruence lattice is isomorphic to C, we start with a unary algebra 8Q and a family HQ of congruence relations of 8Q. We will arrange things so that (ft.; Ç) is isomorphic to v. Thus we would like to get rid of the congruence relations of ÏL that do not belong to H.. So we will add some more structure to 8. forming a unary partial algebra 8Q. We turn this into an algebra 8, by taking F(8Q), the algebra "freely generated by 8". Unfortunately 8 has far too many congruence relations.
The best we can do is to find in a natural way a family H. of congruence relations of 8. such that (H ; C ) is isomorphic to C. K will be a system of extensions of members of H". One repeats the process, thus forming the sequence (80, HQ), ...,(8^, Hn>, ... . We take 21 tobe the "direct union" of the 8.. If everything goes alright, the congruence lattice of 21 will be isomorphic to C.
Let 8 be a partial algebra, and let 0 and $ be congruence relations of 8.
From the above paragraph the reader can see that it would be important to know that there is some congruence relation on F(8), the algebra freely generated by 8, which extends 0. The reader can imagine that it would be helpful to have an explicit description of F(0), the smallest congruence relation of F(8) extending 0. §2 is devoted to giving an explicit description of both F(8) and F(0). The reader may find it helpful to read §2- §6 lightly the first time. Then read §7, and then reread §2- §6 more thoroughly.
Extensions of congruences.
The lemmas of this section are well known and no proofs will be given.
We start with some definitions. Let 8 = (B; F) be a partial unary algebra;
and let / £ F. (ii) B[f] is generated by B;
(iv) if /0, fx£ F and /Q(x) = f^y) i B, then /" = fx and x = y. 
Remark. The reader should derive from context within which lattice the V is being taken. For example in the formulas above V is in(K; C).
Proof. Let la, b\ Ç BÍF] and let Wfa, b) be the member of H given by the ap- [a]* = [è]<D (0/í>) iff a z b (0).
As is well known, the congruences of 2I/<I> are exactly the relations of the form 0/<I>, and 0 -' 0/í> is an isomorphism from the dual ideal generated by O in the congruence lattice of 21 onto the congruence lattice of 2I/4>.
In addition to its use below as a superscript, + will also be used to denote the join in the lattice of equivalence relations.
Lemma 11. Suppose K is a unary-algebraic closure system of congruences of the unary algebra 8 = (B; F), and suppose /(a) = fib) (0) Observe also that <E(8)= C(8 ' ).
Remark. Our next task is to show that if 0 is a congruence relation of 8, then 0 has an extension to a congruence relation of 8 iff 0 £ K. We will also
give an explicit description of 0 , the smallest extension of 0 to 8 . Claims 1-5 are given over to these two tasks. Claim 1 is more general than needed at this point, but the generality proves useful later. Lemma 12. // Q is any algebraic lattice, then there is a set C and a unaryalgebraic closure system H of equivalence relations on the set C such that Q is isomorphic to (K; C).
Proof. Let E = (C; V) be the semilattice with zero of compact elements of Q. If / is an ideal of E, then define the equivalence relation ©. on C by x = y (0 ) iff x = y or x, y e /. Set K = {© | / is an ideal of Si, and let 3(E) be the lattice of all ideals of E. It is well known that Q is isomorphic to 9(E), and it is obvious that 3(E) is isomorphic to(K; C). otherwise.
Let F be the set of all these unary partial operations. Set E = (C; F).
It is left to the reader to show that indeed C(E ) does equal K.
Finally we come to the theorem itself.
Theorem. // Q is any algebraic lattice, then there is a universal algebra 21 such that C is isomorphic to the congruence lattice of 21.
Proof. Let Q be an algebraic lattice and let K and C be given by Lemma 12.
Let HQ = H and let 8Q = (BQ; FQ) = (C; iz'i) where i is the identity map on C.
Suppose K is a unary-algebraic closure system of congruences of the unary partial algebra 8n = (Bn; F J, and suppose /(a) = fib) (0) implies a = b (0) for any a, b £ Bn, f £ F and © £ H . Let K and 8 be given by Lemma 11. Set K .=F(H+)and8 ,=<B .; F ,) = F(8+). By Lemmas 11, 10, and 6,
K . is a unary-algebraic closure system of congruences of 8 .. By Lemmas 11 and 10 fia) m f(b) (©) implies a = b (0) for any a, è e Bn+ p / e Fn+ j and 0eK .. 7. Comments. After going through the preceding "simple" proof, a natural first question is, "Does one really have to go to all that trouble?". The answer
given in the first part of this section is a qualified "yes."
If one is going to prove the theorem by constructing an algebra 21 with given congruence lattice G, then one must find a set A and a system JÍ of equivalence relations on A. First of all a must be an algebraic closure system with <u £ A.
Moreover (X; C) must be a complete sublattice of the partition lattice over A;
i.e., join in (a; C) must be equivalence relation join.
Let H and C be as given within the proof of Lemma 12. A natural first step would be to try to find an F so that K was the system of all congruence relations of the (full) algebra (C; F). In fact, as is shown below, such an F exists if and only if (K; C) is a chain. The most obvious problem with K is that if there are two noncomparable elements, then the join in (H; C ) is not equivalence relation join. There is another related problem which is more subtle. So if one starts with K and C as given in Lemma 12, one cannot stop there.
In general one will need to enlarge the set C.
Theorem 10.3 of [2] shows that the next step in any successful proof involving K and C is to introduce some sequence of operations having the properties that the sequence /. j, /. 2, /. , has in 8 . Since we need to enlarge the base set C, we might as well allow the sequence of operations that are introduced to
have some values lying outside C if it proves to be useful to do so. That one can always introduce such sequences without any troublesome side effects is Lemma 11.
Let S be a partial algebra, and let K be a closure system of congruences of 8. One might at first expect that F(K) is always a closure system, but it is not. In fact it appears that for every n there exists a 8 and K such that H[Fj" is a closure system and K[Fj"+ is not a closure system. For example, in case n = 2 let 8 be the partial unary algebra with B = {0, 1, -, 9i and with one unary operation / such that £>(/) = fO, 1, 2, 3i and f(i) = z + 5. Let ©0 be the equivalence relation whose nontrivial classes are Í4, 5Î, Í 0, 7i and Í2, 9i. Let ©j be the equivalence relation whose nontrivial classes are i4, 6!, il, 8Î and Í3, 9i.
Since no class intersects D(/) in more than one point, both ©0 and ©j are congruences. Note that K = ¡at, 0O, 0,,. tj is an algebraic closure system. One can check that HiFi is also a closure system. 4 = 5= /(0) = fil) = /(/(2)) = /(/(9)) (0otF][F]).
Also we have 4^6 = fil) = /(8) = /(/(3)) = /(/(9)) (©JfILf]). 
To find the answer to this question appears more difficult.
In most of the lemmas we dealt with a system K of congruences and with a system of very special extensions of members of K, namely the system of small- Based on Lemmas 2 and 3 it is not surprising that Lemmas 8 and 9 are true.
But that Lemma 8 is useful seems unnatural at first because (8.C) seems to say that each operation has no effect on the congruences in question. However, as we found out in Lemma 11, if one considers the effect of several such operations together with the effect of transitivity, one can "do" quite a lot with such operations.
For the sake of comparison we list some variations on Lemma 8. Since a was arbitrary, ois the identity map. So the unary algebra 21 constructed here is an algebra with no constant polynomials, one-to-one operations, no subalgebras, and no automorphisms.
Incidentally, one need not assume Q has two or more elements. All lemmas hold, and 21 = 80 is the one element unary algebra with one operation.
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